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Ðå÷ü èäåò îá óðàâíåíèÿõ âèäà
(D1 +D2)u = f(x1; . . . ; xn);
ãäå
D1  @
m1+...+mn
@xm11 . . . @x
mn
n
;
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à D2  ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïåðåìåííûìè
êîýôôèöèåíòàìè, ñîäåðæàùèé ïðîèçâîäíûå îò èñêîìîé ôóíê-
öèè u(x1; . . . ; xn) , ïîëó÷àåìûå èç D1u îòáðàñûâàíèåì ïî êðàé-
íåé ìåðå îäíîãî äèôôåðåíöèðîâàíèÿ. Äàííîå óðàâíåíèå ìîæ-
íî çàïèñàòü â âèäå
L(u) 
X
06qi6mi;
i=1;n
aq1q2...qn(x1; x2; . . . ; xn)uxq11 x
q2
2 ...x
qn
n
=
= f(x1; x2; . . . ; xn);
ãäå aq1q2...qn , f  çàäàííûå ôóíêöèè, am1m2...mn  1 . Î÷åâèä-
íî, ÷òî ñòàðøàÿ ïðîèçâîäíàÿ D1u îïðåäåëÿåò çäåñü è ïîðÿäîê
óðàâíåíèÿ, è âñþ åãî ñòðóêòóðó, âñëåäñòâèå ÷åãî å¼ åñòåñòâåííî
íàçûâàòü äîìèíèðóþùåé. Ê ðàññìàòðèâàåìîìó êëàññó ïðèíàä-
ëåæèò, íàïðèìåð, óðàâíåíèå Áèàíêè [1], [2], [3] äëÿ êîòîðîãî
D1  @
n
@x1 . . . @xn
:
Õîðîøî èçâåñòíà ðîëü èíâàðèàíòîâ Ëàïëàñà â òåîðèè óðàâ-
íåíèÿ
uxy + a(x; y)ux + b(x; y)uy + c(x; y)u = 0: (1)
Â ÷àñòíîñòè, îíè èãðàþò îïðåäåëÿþùóþ ðîëü â êëàññèôèêàöèè
óðàâíåíèé âèäà (1) ñ òî÷êè çðåíèÿ ãðóïïîâîãî àíàëèçà. Íàïîì-
íèì îñíîâíîé êëàññèôèêàöèîííûé ðåçóëüòàò [4], [5, ñ. 116125]
[6, ñ. 123124], [7, ñ. 164] äëÿ ýòèõ óðàâíåíèé. Äâà òàêèõ óðàâ-
íåíèÿ ýêâèâàëåíòíû ïî ôóíêöèè òîãäà è òîëüêî òîãäà, êîãäà
èíâàðèàíòû Ëàïëàñà h = ax+ab  c , k = by+ab  c èìåþò äëÿ
îáîèõ óðàâíåíèé îäèíàêîâûå çíà÷åíèÿ. Àëãåáðà Ëè óðàâíåíèÿ
(1) åñòü L = Lr  L1 , ãäå Lr îáðàçîâàíà îïåðàòîðàìè
X = 1(x; y)@x + 
2(x; y)@y + (x; y)u@u; (2)
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à L1  ïîäàëãåáðà ñ îïåðàòîðîì (x; y)@u ,   ðåøåíèå
(1). Îïåðàòîð u@u äîïóñêàåòñÿ ëþáûì óðàâíåíèåì (1), ïîýòî-
ìó óêàçàííûé îïåðàòîð ìîæíî âêëþ÷èòü â L1 è ñ÷èòàòü, ÷òî
(x; y) îïðåäåëÿåòñÿ â (1) ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàå-
ìîãî.
Åñëè h = k  0 , òî óðàâíåíèå (1) ýêâèâàëåíòíî óðàâíåíèþ
uxy = 0 è äîïóñêàåò áåñêîíå÷íîìåðíóþ àëãåáðó Ëè îïåðàòî-
ðîâ X = 1(x)@x+ 
2(y)@y ñ ïðîèçâîëüíûìè ôóíêöèÿìè 
1(x) ,
2(y) . Åñëè h 6= 0 , òî ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1 [4], [5, ñ. 123]. Óðàâíåíèå (1) äîïóñêàåò áîëåå
÷åì îäíîìåðíóþ àëãåáðó Ëè îïåðàòîðîâ (2) òîãäà è òîëüêî
òîãäà, êîãäà ôóíêöèè
p =
k
h
; q =
(lnh)xy
h
òîæäåñòâåííî ïîñòîÿííû. Åñëè p è q ïîñòîÿííû, òî óðàâíå-
íèå (1) ðàâíîñèëüíî ëèáî óðàâíåíèþ Ýéëåðà-Ïóàññîíà ( q 6= 0 )
uxy   2=q
x+ y
ux   2p=q
x+ y
uy +
4p=q2
(x+ y)2
u = 0;
ëèáî óðàâíåíèþ ( q = 0 )
uxy + xux + pyuy + pxyu = 0;
ïðè÷åì åãî àëãåáðà Ëè îïåðàòîðîâ (2) òðåõìåðíà.
1. Óðàâíåíèå Áèàíêè òðåòüåãî ïîðÿäêà. Ðàññìîòðèì
îäíîðîäíîå óðàâíåíèå Áèàíêè òðåòüåãî ïîðÿäêà
uxyz + auxy + buyz + cuxz + dux + euy + fuz + gu = 0: (3)
Ñîâîêóïíîñòü ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè äëÿ (3)
x = (x); y = (y); z = (z); u = !(x; y; z)u: (4)
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Äâà óðàâíåíèÿ âèäà (3) íàçûâàþòñÿ ýêâèâàëåíòíûìè ïî ôóíê-
öèè [5, ñ. 117], åñëè îíè ïåðåõîäÿò äðóã â äðóãà ïðè ïðåîáðàçî-
âàíèÿõ (4), â êîòîðûõ
(x) = x; (y) = y; (z) = z:
Â [8] áûëî ïîêàçàíî, ÷òî äâà óðàâíåíèÿ âèäà (3) ýêâèâàëåíò-
íû ïî ôóíêöèè òîãäà è òîëüêî òîãäà, êîãäà èõ èíâàðèàíòû
Ëàïëàñà
H1 = ay + ac  d; H2 = ax + ab  e;
H3 = cx + bc  f; H4 = bz + ab  e;
H5 = by + bc  f; H6 = cz + ac  d;
H7 = axy + bd+ ce+ af   2abc  g;
H8 = byz + bd+ ce+ af   2abc  g;
H9 = cxz + bd+ ce+ af   2abc  g
ñîâïàäàþò.
Èç ðåçóëüòàòîâ ðàáîòû [8] íåïîñðåäñòâåííî ñëåäóåò
Òåîðåìà 2. Äâà óðàâíåíèÿ âèäà (3) ñ íàáîðàìè èíâàðèàí-
òîâ Ëàïëàñà H1 , H2 , ..., H9 è H1 , H2 , ..., H9 ñîîòâåò-
ñòâåííî ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿ-
þòñÿ ðàâåíñòâà
H1 = 
0(y)0(z)H1; H2 = 0(x)0(z)H2;
H3 = 
0(x)0(y)H3; H4 = 0(x)0(z)H4;
H5 = 
0(x)0(y)H5; H6 = 0(y)0(z)H6;
Hi = 
0(x)0(y)0(z)H i; i = 7; 8; 9:
Åñëè èñêàòü äîïóñêàåìûé óðàâíåíèåì (3) îïåðàòîð
@x + @y + @z + @u;
òî îêàçûâàåòñÿ, ÷òî ÷àñòü ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé
ñîñòàâÿò
@u = @u = @u = 0; @
2
u = 0:
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Èçâåñòíî [5, ñ. 99100], ÷òî â òàêîì ñëó÷àå àëãåáðà Ëè óðàâ-
íåíèÿ (3) åñòü L = Lr  L1 , ãäå àëãåáðà Lr ðàçìåðíîñòè r
îáðàçîâàíà îïåðàòîðàìè âèäà
X = 1(x; y; z)@x+
2(x; y; z)@y+
3(x; y; z)@z+(x; y; z)u@u; (5)
à L1  òèïè÷íàÿ äëÿ ëèíåéíûõ óðàâíåíèé àáåëåâà ïîäàëãåá-
ðà ñ îïåðàòîðîì (x; y; z)@u , ãäå   ðåøåíèå óðàâíåíèÿ (3).
ßñíî, ÷òî îïåðàòîð u@u äîïóñêàåòñÿ ëþáûì óðàâíåíèåì (3), ïî-
ýòîìó óêàçàííûé îïåðàòîð ìîæíî âêëþ÷èòü â L1 è ñ÷èòàòü,
÷òî (x; y; z) îïðåäåëÿåòñÿ â (4) ñ òî÷íîñòüþ äî ïîñòîÿííîãî
ñëàãàåìîãî.
Ââåäåì â ðàññìîòðåíèå îòíîøåíèÿ
p12 =
H3
H5
; p13 =
H2
H4
; p23 =
H1
H6
;
à òàêæå êîíñòðóêöèè
q1 =
(lnH1)yz
H1
; q2 =
(lnH2)xz
H2
; q3 =
(lnH3)xy
H3
;
q4 =
(lnH4)xz
H4
; q5 =
(lnH5)xy
H5
; q6 =
(lnH6)yz
H6
;
qi =
(lnHi)xyz
Hi
; i = 7; 8; 9:
Ïðèìåíåíèå òðèæäû ïðîäîëæåííîãî îïåðàòîðà X ê óðàâ-
íåíèþ (3) è ðàñùåïëåíèå îòíîñèòåëüíî ñâîáîäíûõ ïàðàìåòðîâ
ïðèâîäèò ê îïðåäåëÿþùèì óðàâíåíèÿì, êîòîðûå ìîãóò áûòü
çàïèñàíû ñ èñïîëüçîâàíèåì èíâàðèàíòîâ Ëàïëàñà â âèäå
1y = 
1
z = 
2
x = 
2
z = 
3
x = 
3
y = 0;
( + b1 + c2 + a3)x = (H3  H5)2 + (H2  H4)3;
( + b1 + c2 + a3)y = (H5  H3)1 + (H1  H6)3;
( + b1 + c2 + a3)z = (H4  H2)1 + (H6  H1)2;
H1x
1 + (H1
2)y + (H1
3)z = 0;
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H6x
1 + (H6
2)y + (H6
3)z = 0;
(H2
1)x +H2y
2 + (H2
3)z = 0; (6)
(H4
1)x +H4y
2 + (H4
3)z = 0;
(H3
1)x + (H3
2)y +H3z
3 = 0;
(H5
1)x + (H5
2)y +H5z
3 = 0;
(H7
1)x + (H7
2)y + (H7
3)z = 0;
(H8
1)x + (H8
2)y + (H8
3)z = 0;
(H9
1)x + (H9
2)y + (H9
3)z = 0:
Ïåðâàÿ ñòðîêà â (6) ïîêàçûâàåò, ÷òî 1 = 1(x) , 2 = 2(y) ,
3 = 3(z) . Âòîðàÿ, òðåòüÿ è ÷åòâåðòàÿ ñòðîêè èç (6) ïðåäñòàâ-
ëÿþò ñîáîé äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ îïðåäåëåíèÿ
ôóíêöèè  , ïîñëå òîãî êàê íàéäåíû 1 , 2 , 3 . Îòâåòñòâåí-
íûìè çà ðåçóëüòàòû ãðóïïîâîé êëàññèôèêàöèè îêàçûâàþòñÿ
óðàâíåíèÿ, çàïèñàííûå íà÷èíàÿ ñ ïÿòîé ñòðîêè.
Â ðàáîòå [9] ïîñòðîåíî âîñåìü êëàññîâ óðàâíåíèé âèäà (3)
ñ óêàçàííûìè âûøå ïîñòîÿííûìè èíâàðèàíòàìè ïðåîáðàçîâà-
íèÿ (4), êîòîðûå äîïóñêàþò àëãåáðû Ëè Lr , ãäå r ïðèíèìàåò
çíà÷åíèÿ 1 , 3 , 4 è 1 .
Îòìåòèì, ÷òî â ñëó÷àå ïîñòîÿííûõ qi , i = 1; 6 , èíâàðèàíò
Hi ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ëèóâèëëÿ
(lnw)xy = qiw;
ôîðìóëà îáùåãî ðåøåíèÿ êîòîðîãî èçâåñòíà [5, ñ. 123]. Àíàëî-
ãè÷íî, åñëè êàêàÿ-ëèáî èç êîíñòðóêöèé qi , i = 7; 9 , ïîñòîÿííà,
òî ñîîòâåòñòâóþùèé èíâàðèàíò Hi ÿâëÿåòñÿ ðåøåíèåì óðàâíå-
íèÿ
(lnHi)xyz = qiHi:
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Î÷åâèäíî, ÷òî ýòî óðàâíåíèå èìååò òî÷íîå ðåøåíèå
Hi =   6
0(x)0(y) 0(z)
qi((x) + (y) + (z))3
:
Âîçíèêàåò âîïðîñ: êàêîå óðàâíåíèå âèäà (3) ìîæåò ðàññìàò-
ðèâàòüñÿ â êà÷åñòâå òðåõìåðíîãî àíàëîãà óðàâíåíèÿ Ýéëåðà-
Ïóàññîíà (òî åñòü èìååò áëèçêèå ãðóïïîâûå ñâîéñòâà)?
Óðàâíåíèå Ýéëåðà-Ïóàññîíà ñîãëàñíî òåîðåìå 1 õàðàêòåðè-
çóåòñÿ óñëîâèÿìè: p è q ïîñòîÿííû, q 6= 0 . Â êà÷åñòâå êðèòåðèÿ
îòáîðà ñëåäóåò ïðèíÿòü, ÷òî òðåõìåðíûé àíàëîã
1) äîëæåí äîïóñêàòü àëãåáðó Lr íàèáîëüøåé êîíå÷íîé ðàçìåð-
íîñòè,
2) èìååò êîíñòðóêöèè qi , i = 7 , 8 , 9 , îòëè÷íûå îò íóëÿ,
3) êîýôôèöèåíòû óðàâíåíèÿ äîëæíû èìåòü äîñòàòî÷íî ïðî-
ñòóþ ñòðóêòóðó, ñõîäíóþ ñî ñòðóêòóðîé êîýôôèöèåíòîâ óðàâ-
íåíèÿ Ýéëåðà-Ïóàññîíà.
Óðàâíåíèå, ÿâëÿþùååñÿ, â ñîîòâåòñòâèè ñ òðåáîâàíèÿìè 1)
3), òðåõìåðíûì àíàëîãîì óðàâíåíèÿ Ýéëåðà-Ïóàññîíà, èìååò
âèä
uxyz   2p23
q6(y + z)
uxy   2
q6(y + z)
uxz+
+
4p23
q26(y + z)
2
ux +
6
q7(x+ y + z)3
u = 0
è äîïóñêàåò àëãåáðó L2 , îáðàçîâàííóþ îïåðàòîðàìè
X1 = x@x + y@y + z@z; X2 = @y   @z:
2. Óðàâíåíèå Áèàíêè ÷åòâåðòîãî ïîðÿäêà. Ðàññìîò-
ðèì óðàâíåíèå
ux1x2x3x4 + a1ux2x3x4 + a2ux1x3x4 + a3ux1x2x4 + a4ux1x2x3+
+a12ux3x4 +a13ux2x4 +a14ux2x3 +a23ux1x4 +a24ux1x3 +a34ux1x2+
+ a123ux4 + a124ux3 + a134ux2 + a234ux1 + a1234u = 0 (7)
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ñ ïåðåìåííûìè êîýôôèöèåíòàìè.
Äëÿ óðàâíåíèÿ (7) â [10] ïîñòðîåíû 28 èíâàðèàíòîâ Ëàïëà-
ñà:
hi;j = aixj + aiaj   aij ;
hi;jk = aixjxk + aiajk + ajaik + akaij   2aiajak   aijk;
hi;jkl = aixjxkxl + aiajkl + ajaikl + akaijl + alaijk+
+aijakl + aikajl + ailajk   2aiajakl   2aiakajl 
 2aialajk   2ajakail   2ajalaik   2akalaij+
+6aiajakal   aijkl; fi; j; k; lg = f1; 2; 3; 4g; j < k < l:
Çäåñü êîýôôèöèåíòû, ðàçëè÷àþùèåñÿ ïîðÿäêîì ñëåäîâàíèÿ
èíäåêñîâ, ñ÷èòàåì ðàâíûìè (íàïðèìåð, a123 = a231 ). Äâà óðàâ-
íåíèÿ âèäà (7) ýêâèâàëåíòíû ïî ôóíêöèè òîãäà è òîëüêî òîãäà,
êîãäà ó íèõ ðàâíû âñå ñîîòâåòñòâóþùèå èíâàðèàíòû Ëàïëàñà.
Â òîé æå ðàáîòå çàïèñàíû îïðåäåëÿþùèå óðàâíåíèÿ äëÿ (7) â
èíâàðèàíòíîé ôîðìå.
Íåòðóäíî óñòàíîâèòü ñïðàâåäëèâîñòü ñëåäóþùåãî óòâåð-
æäåíèÿ.
Òåîðåìà 3. Äâà óðàâíåíèÿ âèäà (7) ñ íàáîðàìè èíâàðè-
àíòîâ Ëàïëàñà h1;2 , h2;1 , ..., h1;23 , ..., h1;234 , ..., h4;123 è
h1;2 , h2;1 , ..., h1;23 , ..., h1;234 , ..., h4;123 ýêâèâàëåíòíû òî-
ãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ ðàâåíñòâà
hi;j = 
0
i(xi)
0
j(xj)hi;j ; hi;jk = 
0
i(xi)
0
j(xj)
0
k(xk)hi;jk;
hi;jkl = 
0
i(xi)
0
j(xj)
0
k(xk)
0
l(xl)hi;jkl;
i; j; k; l 2 f1; 2; 3; 4g; i 6= j 6= k 6= l:
Ââåäåì â ðàññìîòðåíèå îòíîøåíèÿ èíâàðèàíòîâ Ëàïëàñà
pij =
hj;i
hi;j
; i; j = 1; 4;
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à òàêæå êîíñòðóêöèè
qij =
(lnhi;j)xixj
hi;j
; i; j = 1; 4:
Ñ ïîìîùüþ óêàçàííûõ ôóíêöèé ïîñòðîåíû êëàññû óðàâíåíèé
âèäà (7), àíàëîãè÷íûå óêàçàííûì â ïóíêòå 1. Îòíîñèòåëüíî
ïîëó÷åííûõ êëàññîâ ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû. Àë-
ãåáðà Ëè óðàâíåíèÿ (7) åñòü L = Lr  L1 , ãäå Lr îáðàçîâàíà
îïåðàòîðàìè âèäà
X =
4X
i=1
i(x1; x2; x3; x4)@xi + (x1; x2; x3; x4)u@u;
à L1  ïîäàëãåáðà, îáðàçîâàííàÿ îïåðàòîðîì u@u è îïåðà-
òîðàìè âèäà @u , ãäå   ðåøåíèå óðàâíåíèÿ (7) . Åñëè âñå
ôóíêöèè pij ( hi;j 6= 0 ) ïîñòîÿííû, ëèáî hi;j = hj;i  0 , ïðè-
÷åì õîòÿ áû îäèí èç èíâàðèàíòîâ hk;l 6= 0 , òî àëãåáðà Lr ìîæåò
áûòü áåñêîíå÷íîìåðíîé. Åñëè ðàçìåðíîñòü àëãåáðû Lr êîíå÷-
íà, òî äëÿ ðàññìîòðåííûõ êëàññîâ óðàâíåíèÿ (7) åå ìàêñèìàëü-
íîå çíà÷åíèå r = 6 .
3. Óðàâíåíèÿ ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè.
Ðàññìîòðèì óðàâíåíèå
uxxy + a20(x; y)uxx + a11(x; y)uxy + a10(x; y)ux+
+ a01(x; y)uy + a00(x; y)u = 0: (8)
Èíâàðèàíòû Ëàïëàñà äëÿ óðàâíåíèÿ (8) èìåþò âèä
h1 = 2a20x + a20a11   a10; h2 = a11y + a20a11   a10;
h3 = a11x +
a211
2   2a01;
h4 = 2a20xx   a20a211 + 2a20a01 + a11a10   2a00;
h5 = a11xy   a20a211 + 2a20a01 + a11a10   2a00:
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Îïðåäåëÿþùèå óðàâíåíèÿ äëÿ (8) ìîãóò áûòü ïðåäñòàâëåíû
â èíâàðèàíòíîé ôîðìå
y = 0; x = 0;
(2 + 2a20 + a11)y = (h2   h1);
(2 + 2a20 + a11)x = (h1   h2) + xx;
(h1)x + (h1)y = 0; (h2)x + (h2)y = 0;
xxx   (h3)x   h3x   h3y = 0;
xxh1 + (h4)x + h4x + (h4)y = 0;
xxh2 + (h5)x + h5x + (h5)y = 0:
Äàëåå îãðàíè÷èìñÿ ðàññìîòðåíèåì óðàâíåíèé (8), äëÿ êî-
òîðûõ âûïîëíÿåòñÿ õîòÿ áû îäíî èç óñëîâèé h1 6= 0 , h2 6= 0 .
Ââåäåì îáîçíà÷åíèÿ
p12 =
h1
h2
; p21 =
h2
h1
; qi =
(lnhi)xy
hi
; i = 1; 2:
Ñïðàâåäëèâî óòâåðæäåíèå: åñëè õîòÿ áû îäíà èç ôóíêöèé
p12 , p21 , q1 , q2 íå ðàâíà òîæäåñòâåííî ïîñòîÿííîé, òî àëãåáðà
Ëè Lr îïåðàòîðîâ âèäà (2) íå áîëåå ÷åì îäíîìåðíà.
Îòìåòèì, ÷òî åñëè qi ïîñòîÿííû, òî èíâàðèàíòû hi óäîâëå-
òâîðÿþò óðàâíåíèþ Ëèóâèëëÿ.
Ñêîíñòðóèðîâàíû óðàâíåíèÿ, êîòîðûå ÿâëÿþòñÿ ïðåäñòà-
âèòåëÿìè êëàññîâ óðàâíåíèé âèäà (8), äîïóñêàþùèìè àëãåáðó
Ëè Lr íàèáîëüøåé ðàçìåðíîñòè. Ïîñêîëüêó qi â ýòîì ñëó÷àå
ïîñòîÿííû, ñòðóêòóðà êîýôôèöèåíòîâ ýòèõ óðàâíåíèé îïðåäå-
ëÿåòñÿ èç óðàâíåíèÿ Ëèóâèëëÿ îäíîçíà÷íî.
Òåîðåìà 4. Ïóñòü âûïîëíÿåòñÿ óñëîâèå h21 + h
2
2 6= 0 . Òî-
ãäà óðàâíåíèe (8) äîïóñêàþò áîëåå ÷åì îäíîìåðíóþ àëãåáðó
Ëè îïåðàòîðîâ (2) òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèè pij ,
qi ( i , j = 1 , 2 ) òîæäåñòâåííî ïîñòîÿííû. Åñëè pij è qi
ïîñòîÿííû, òî íàèáîëüøàÿ ðàçìåðíîñòü äîïóñêàåìîé àëãåáðû
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Ëè Lr îïåðàòîðîâ (2) ðàâíà òðåì êàê â ñëó÷àå q21 + q
2
2  0 ,
òàê è â ñëó÷àå q21 + q
2
2 6= 0 .
Ðàññìîòðèì óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà. Äëÿ óðàâíåíèÿ
uxxyy + a21(x; y)uxxy + a12(x; y)uxyy+
+ a20(x; y)uxx + a11(x; y)uxy + a02(x; y)uyy+
+ a10(x; y)ux + a01(x; y)uy + a00(x; y)u = 0
èíâàðèàíòû Ëàïëàñà èìåþò âèä
h1 = 2a21x + a21a12   a11; h2 = 2a12y + a21a12   a11;
h3 = 2a12x + a
2
12   4a02; h4 = 2a21y + a221   4a20;
h5 = 2a21xy + a21a11 + 2a12a20   a221a12   2a10;
h6 = 2a12yy + a21a11 + 2a12a20   a221a12   2a10;
h7 = 2a21xx + a12a11 + 2a21a02   a212a21   2a01;
h8 = 2a12xy + a12a11 + 2a21a02   a212a21   2a01;
h9 = a21xxy + a21a01 + a12a10 + 2a20a02   a21a12a11 
 a221a02   a212a20 + 34a221a212 + 14a211   2a00;
h10 = a12xyy + a21a01 + a12a10 + 2a20a02   a21a12a11 
 a221a02   a212a20 + 34a221a212 + 14a211   2a00;
à äëÿ óðàâíåíèÿ
uxxxy + a30(x; y)uxxx + a21(x; y)uxxy + a20(x; y)uxx+
+ a11(x; y)uxy + a10(x; y)ux + a01(x; y)uy + a00(x; y)u = 0
óêàçàííûå èíâàðèàíòû ìîãóò áûòü çàïèñàíû â ñëåäóþùåé ôîð-
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ìå
h1 = a21y + a30a21   a20; h2 = 3a30x + a30a21   a20;
h3 = a21x +
1
3a
2
21   a11;
h4 = 3a30xx + a30a11 +
2
3a21a20   23a30a221   a10;
h5 = a21xy + a30a11 +
2
3a21a20   23a30a221   a10;
h6 = a21xx + a21a11   29a321   3a01;
h7 = 3a30xxx + 3a30a01 + a21a10 + a20a11 
 2a30a21a11   23a221a20 + 23a321a30   3a00;
h8 = a21xxy + 3a30a01 + a21a10 + a20a11 
 2a30a21a11   23a221a20 + 23a321a30   3a00:
Äëÿ ýòèõ óðàâíåíèé äîêàçàíû òåîðåìû, àíàëîãè÷íûå òåîðå-
ìå 4.
Ðåçóëüòàòû, îòíîñÿùèåñÿ ê óðàâíåíèÿì ñ êðàòíûì äèôôå-
ðåíöèðîâàíèåì, ïîëó÷åíû ñîâìåñòíî ñ Ë.Á. Ìèðîíîâîé.
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